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ON THE NUMBER OF HOMOTOPY TYPES OF FIBRES OF A 

DEFINABLE MAP 



SAUGATA BASU and NICOLAI VOROBJOV 
1. Introduction 

Let S C M. k be a set definable in an o-minimal structure over the reals (see 
and 7T5 : S — ► R™ be a definable map. For example, S can be a semi-algebraic or 
a restricted sub-Pfaffian |13j set. For the purpose of this paper, we will assume 
without any loss of generality that 7rg is the restriction to S of the projection map 
7T : M m +" -> R", where k = m + n. 

The following statement is a version of Hardt's triviality theorem. 

Theorem 1 . 1 [T71 [8] . There exists a finite partition of R n into definable sets 
{Ti}i£i such that S is definably trivial over each T^. 

Theorem 11.11 implies that for each i G / and any point y £ T,, the pre- image 
7r^ 1 (Ti) is definably homeomorphic to 7Tg 1 (y) x Ti by a fiber preserving homeo- 
morphism. In particular, for each i £ I, all fibers 7r s ^ 1 (y),y G Tj are definably 
homeomorphic. 

Hardt's theorem is a corollary of the existence of cylindrical cell decomposi- 
tions of definable sets. Since the decompositions can be effectively computed in 
semi-algebraic and restricted sub-Pfaffian cases (see [2l 113] ) , this implies a double 
exponential (in run) upper bound on the cardinality of / and hence on the number 
of homeomorphism types of the fibres of the map irs- Apparently, no better bounds 
than the double exponential bound are known, even though it seems reasonable 
to conjecture a single exponential upper bound on the number of homeomorphism 
types of the fibres of the map irs- 

In this paper, we consider the weaker problem of bounding the number of distinct 
homotopy types, occurring amongst the set of all fibres of irs ■ The main results of 
the paper are single exponential upper bounds on this number in cases when S is 
semi-algebraic, and when S is semi-Pfaffian. Our results on semi-algebraic sets are 
formulated and proved with the ground field being any (possibly non-archimedcan) 
real closed field R. In the Pfaffian setting we assume that R = R. 

Even though the precise nature of the bounds we prove is different in each of 
the above two cases, the proofs are quite similar. We will first give a proof in the 
semi-algebraic case, and then provide additional details necessary for the Pfaffian 
case. 
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The rest of the paper is organized as follows. In Section [2] we state our main 
result in the semi-algebraic case. In Section [3] the main theorem is proved. In 
Section 0] we state the result in the Pfafhan case, and discuss the modifications 
needed in its proof. In Section [5] we use the result of Section [4] to state and prove a 
single exponential upper bound on the number of homotopy types of semi-algebraic 
sets defined by fewnomials, as well as those defined by polynomials with bounded 
additive complexity. Finally, in Section [5] we prove some metric upper bounds, 
related to homotopy types, for semi-algebraic sets defined by polynomials with 
integer coefficients. 

2. Semi- algebraic case 

Let R be a real closed field, V C R[Xl, . . . , X m , Y\, . . . , Y n ], and let </> be a 
Boolean formula with atoms of the form P = 0, P > 0, or P < 0, where P G V . 
We call 4> a "P-formula, and the semi-algebraic set S C R m +™ defined by <fi, a V- 
semi-algebraic set. Note that for a given V there is a finite number of different 
■p-semi-algebraic sets. Also, it is clear from the definition that every semi-algebraic 
set is a P-semi-algebraic set for an appropriate V . 

If the Boolean formula <p contains no negations, and its atoms are of the form 
P = 0, P > 0, or P < 0, with P G V , then we call 4> a ^-closed formula, and the 
semi-algebraic set S C R m +™ defined by </>, a P-closed semi-algebraic set. 

2.1. Main Result 

We prove the following theorem. 

Theorem 2.1. Let V C R[A^, . . . , X m , Y u . . . , Y n ], with deg(P) < d for each 
P G V and cardinality ^KP = s. Then, there exists a finite set A C R", with 

#A < (2 m snd)° {nm \ 

such that for every y G R™ there exists z G A such that for every V -semi-algebraic 
set S C R m+ ™, the set 1 (y) is semi-algebraically homotopy equivalent to n s 1 (z) . 
In particular, for any Rxed V -semi-algebraic set S, the number of different homotopy 
types of Gbrcs 7r^ 1 (y) for various y G 7r(5) is also bounded by 

{2 m snd)° {nm \ 

Remark 1. We actually prove a more precise bound, 
#A < s ^™+^(2 m nd) oi - nm) 

(see Section |3Jj)) . 

Notice that the bound in Thcorcm l2.1l is single exponential in ran. The following 
example shows that the single exponential dependence on m is unavoidable. 

Example 1. Let P g R[Xl, . . . , X m ] R[Xi, . . . , X m , Y] be the polynomial 
defined by 

m d 

^=£IK^-i) 2 - 

i=l o = l 
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The algebraic set defined by P = in R m+1 with coordinates Xi,...,X m ,Y, 
consists of d m lines all parallel to the Y axis. Consider now the semi-algebraic set 
S C R m+1 defined by 

(P = 0) A (0 < Y < Xi + dX 2 + d 2 X 3 + ...+ <r n - 1 x m ). 

It is easy to verify that, if ir : R m+1 — > R is the projection map on the Y co- 
ordinate, then the fibres TTg (y), for y G {0, 1, 2, ... , d m — 1} C R are 0-dimensional 
and of different cardinality, and hence have different homotopy types. 

The above example does not exhibit exponential dependence of the number of 
homotopy types of fibres on n, which is equal to 1 in the example. In fact, we cannot 
hope to produce examples where the number of homotopy types of the fibres grows 
with n (with the parameters s, d, and m fixed) since this number can be bounded 
by a function of s, d and m independent of n, as we show next. 

Suppose that cj> is a Boolean formula with atoms {a,i,bi,Ci | 1 < i < s}. For an 
ordered list V = (Pi, . . . , P s ) of polynomials Pi G R[-X"i, ■ ■ ■ , X m ], we denote by 
4>-p the formula obtained from <j> by replacing for each i, 1 < i < s, the atom at 
(respectively, bi and a) by Pi = (respectively, by Pi > and by Pi < 0). 

Definition 1. We say that two ordered lists V = (Pi, . .., P s ), Q = (Qi, . .. , Q s ) 
of polynomials Pi,Qi G R[^i, . . . ,X m ] have the same homotopy type if for any 
Boolean formula cj>, the semi-algebraic sets defined by <p-p and 4*q are homotopy 
equivalent. 

Let S m , s ,d be the family of all ordered lists (Pi, . . . , P s ), Pi G R[Xi, . . . , X m ], 
with deg(Pj) < d for 1 < i < s. 

Corollary 2.2. The number of different homotopy types of ordered lists in 
Sm,s,d does not exceed 

/ J\ \ 0(s( m + d )m) 

S ^ + d d )) =W°"» (2.1) 

In particular, the number of different homotopy types of semi- algebraic sets defined 
by a hxed formula <p-p, where V varies over S m ^ St d, does not exceed H2.1\) . 

Proof. We introduce one new variable for each of the possible ( m ^ d ) monomi- 
als of degree at most d in m variables, so that every polynomial Pi is uniquely 
represented by a point in r( d ). Thus, every ordered list in S m , s ,d is uniquely 
represented by a point in R s . Consider the ordered list Q = (Q 1 , . . . ,Q S ) of 
polynomials 

Qi G Z[Yi, . . . , Y/m+d-j ,Xi,..., X m ], 

1 < i < s, of degrees at most d + 1, such that for each y G R s ( d ) the list 

(Qi(Y: X\, ■ ■ ■ i X m ), . . . , Q s (y, Xi, . . . , X m )) G S m , s ,d. 

Now apply Theorem IP to Q and the projection map tt' : R s ( m d d ) +m — > R s ( m d d ) . 

□ 
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Corollary 12.21 implies that for every P-semi- algebraic set S C R m+ ™, where P £ 
Sm+n.s,d: the number of different homotopy types of fibres TTg^y) does not exceed 
(|2.f p (as well as the bound from Theorem 1 2.f p . In particular, this number has an 
upper bound not depending on n. 

3 . Proof of Theorem [U 

3.1. Main ideas 

We first summarize the main ideas behind the proof of Theorem 12.11 
Let R be a real closed field and P = {Pi, . . . , P s } c R[-X"i, ■ ■ ■ , X m , Y\, . . . , Y n ], 
with deg(Pi) < d, 1 < i < s. We fix a finite set of points B C R" such that for 
every y £ R ra there exists zC5 such that for every P-semi-algebraic set S, the set 
n S 1 (y) ^ s semi-algebraically homotopy equivalent to 7Tg 1 (z). The existence of a set 
B with this property follows from Hardt's triviality theorem (Theorem II. ip . and 
the fact that the number of P-semi-algebraic sets is finite. 

Observe that it is possible to choose u) £ R, u> > 0, sufficiently large (depending 
on V and B) such that, for any P-semi-algebraic set S, 

(1) the intersection of S with the set defined by the conjunction of the 2(m + n) 
inequalities — to < Xi < lu, —lu < Yj < uj, 1 < i < m, 1 < j < n, has the 
same homotopy type as S (denote this intersection by So); 

(2) the set B lies in (— u>, u>) n , and B preserves its defining property with respect 
to So, i.e., for every y £ R" there exists z £ B such that the set 7Tg 1 (y) is 
semi-algebraically homotopy equivalent to 7Tg (z). 

We will henceforth assume that V contains the 2(m + n) polynomials, Xi ±u, Yj ± 
1 < i < m, 1 < j < n, and restrict our attention to the bounded P-semi-algebraic 
sets, which are contained in the cube (— cj, cu) m+n . Note that in order to bound the 
number of homotopy types of the fibres 7i"5 1 (y), y £ tt(S'), where S is an arbitrary 
P-semi-algebraic set, it is sufficient to bound the number of homotopy types of the 
fibres 7Tg 1 (y),y £ 7r(So), of the projection of the bounded set So. 

We replace P by another family P' c R[A"i, . . . , X m , Yi, . . . , Y n ] having the 
following properties. 

(1) The cardinality #P' = 2s 2 , and deg(P) < d, for each P £ V . 

(2) For each bounded P-semi-algebraic set S, there exists a bounded and V'- 
closed semi- algebraic set S', such that S' ~ S (where ~ stands for semi- 
algebraic homotopy equivalence). 

(3) T^Cy) ~ 7Tg 1 (y) for every y £ B. 

(4) The zero sets of the polynomials in V 1 are non-singular hypersurfaccs, inter- 
secting transversally, and the same is true for the restriction of V 1 on each 
7r_1 (y)j y £ -B- It follows that the partition of R m +™ into P'-sign invari- 
ant subsets is a Whitney stratification, denoted by W, of R m+ ™, which is 
compatible with every P'-semi- algebraic set. 

Let Gi be the set of all critical values of tt, restricted to various strata of the 
stratification W of dimensions not less than n, and let Gi be the union of the 
projections of all strata of W of dimensions less than n. Let G := Gi U G2. We 
prove that B C R" \ G, and hence in order to bound the number of homotopy types 
of fibres TTg 1 (y) for any bounded P-semi-algebraic set S, it is sufficient to bound 
the number of homotopy types of fibres, ^/(y), y £ R" \ G. We then prove, using 
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Thorn's first isotopy lemma, that the homcomorphism type of the fibre ir^, (y) does 
not change as y varies over any fixed connected component of R™ \ G. This, along 
with property (3) of V stated above, shows that in order to bound the number of 
homotopy types of the fibres 7r_^ 1 (y) it suffices to bound the number of connected 
components of R" \ G. We obtain the set A (in Theorem 12. ip by choosing one 
point in each connected component of R" \ G. In order to bound the cardinality of 
A, we use a recent result from |15j bounding the Betti numbers of projections of 
semi-algebraic sets in terms of those of certain fibred products. 

3.2. Notations 

Let R be a real closed field. For an element a £ R introduce 

(- if a = 0, 

sign(a) = < 1 if a > 0, 

I -1 if a < 0. 

If V C R[Jfi, • • • , Xk] is finite, we write the set of zeros of V in R fc as 
Z(P) := {x e R k | f\ P(x) = 0}. 

A sign condition a on V is an element of {0, 1, — 1} V - The realization of the sign 
condition a is the basic semi-algebraic set 

TZ(ct) := jx e R fc | /\ sign(P(x)) = <r(P)}. 
Per 

A sign condition a is realizable if IZ(a) ^ 0. We denote by Sign('P) the set of 
realizable sign conditions on V . For a <E Sign("P) we define the level of a as the 
cardinality #{P £ V\a{P) = 0}. For each level £, < t < #V, we denote by 
Sign^T 5 ) the subset of Sign^) of elements of level £. 
Finally, for a sign condition a let 

Z(a):={ X eR k | f\ P(x)=0}. 

Pev, <r(P)=o 

3.3. Replacing a bounded set by a homotopy equivalent closed bounded set 

In this section, we describe a modification of the construction from |14j (see 
also [3]) for replacing any given bounded semi- algebraic set by a closed bounded 
semi-algebraic set which has the same homotopy type as the original set. 

Definition 2. Let J-(x) be a predicate defined over R+ and y e R+. The 
notation V(0 < x <C y) stands for the statement 

3z e (0,y) Vx e R + (if x < z, then T(x)), 

and can be read "for all positive x sufficiently smaller than y, T{x) is true" . 

Definition 3. For points 

2s 2 

£ = (£2s,l, ■ ■ ■ j £2s,sj £2s-l,l) ' • • j £2s-l,sj ■ ■ ■ , ■ ■ ■ ) e l,s) G R-+ i 

and a predicate T{e) over R?_ s we say "for all sufficiently small e, T(e) is true" if 
V(0 < e 2s ,i < 1)V(0 < e 2s ,2 <C e 2 a,i) • ■ • V(0 < £i, s <C ei jS _i)^(e). 
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Consider a finite set of polynomials 

P = {P, . . . , P} c R[X U ...,X m ,Y u ..., Y n \. 

and a sequence of elements in R 

1 > £2s,l > ■■■> e 2s . s > £2 S -1,1 > • • • > e 2s -i, s > ■■■> £i, s > 0. 

Given a e Sign £ (P) we denote by P.(cr+) the closed semi-algebraic set denned by 
the conjunction of the inequalities: 

—£2i.i < P i < £2e,i, for each Pi E V such that <r(Pi) = 0, 
P > 0, for each P G V such that a{P) = 1, 
P < 0, for each P 6 V such that <r(P) = -1. 

We denote by P.(cr_) the open semi-algebraic set defined by the conjunction of the 
inequalities: 

— £2£-i.i < Pi < £ 2 £-i,i, for each Pi e V such that <j(Pi) = 0, 
P > 0, for each P G V such that cr(P) = f , 
P < 0, for each P eV such that cr(P) = -1. 

Notice that, K(a) C K{a + ) and ft(cr) C ^(cr_). 

Now suppose that the bounded P-semi-algebraic set S is defined by 

s= IJ 

aes s 

for some C Sign(P). 
Definition 4. Let 

S s ,^ = Eg n Sign^(P) 

and define a sequence of sets, St(e) C R" l+n , < £ < s inductively as follows. 
. S (e) := 5. 
• For < £ < s, let 

^+i(e) = lSt(e)\ |J W(«7_)]U |J W(o-+). 

\ er£Sign £ (7')\E s , J / <reE s , € 

We denote S'(e) := S s+1 {e) and V := {Pj ± £ij | 1 < i < 2s, 1 < j < s}. 

The following statement is proved in [3] and is a strengthening of a result in [14] 
(where it is shown that for all sufficiently small e the sum of the Betti numbers of 
S and S'(e) are equal). 

Proposition 3.1 [3]. For all sufficiently small e (see Definition^, S'(e) ~ 5. 

We now show that it is possible to rewrite the Boolean formula for S'(e), which 
originally (in its negation-free form) contains inequalities of the kind P > or 
P < for P e P, so that it still defines S'(e) but involves only inequalities of the 
kind Q > or Q < 0, for Q G V . 



Lemma 3.2. For all sufficiently small e, S'(e) is a V -closed semi- algebraic set. 
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Proof. In the negation- free Boolean formula for S'(e) replace every inequality 
of the kind Pj > (respectively, of the kind Pj < 0), where Pj G V, by Pj > e-xj 
(respectively, by Pj < —£2,j)- Denote by S"(e) the set defined by the new formula. 
Obviously S"(e) is a "P'-closed semi-algebraic set and moreover it is clear from the 
definition that S"(s) C S'(i). 

We now prove that S'(e) C S"(e). Let z G S'(e). Let TZ(a + ), where <r e S f , be 
the maximal (with respect to £) non-empty set in the definition of S'(e) containing 
z. Assume that 

1Z{<7 + ) = {(x,y)| - e 2 e,i 1 < P^ < £2t,h,- ■ ■ , ~£2ts t < P n < £ 2i,in 
Pi t+1 >0,...,P ih >0}. 

We show that 

z 6 {(x,y)| - e 2 e,i 1 < P n < £2£,ii, • ■ ■ , -£2t,i t < Pi e < £2l,u, 

Pie+i — £2,i e+1 , ■ ■ ■ j -Pj fc > £2,i fc } 7 

and hence z G S"(e). Indeed, suppose that Pi r (z) < £ 2 .i T for some r, £ + 1 < r < 
k. Then -e 2 (*+i),ir ^ p v( z ) < e2(^+i),i r , since < P lr {z) < e 2 ,i r < e 2 (^+i),i r - 
Therefore z G 7£(er^_), where a' G Sf+i, which contradicts the maximality of a with 
respect to £. □ 

In particular, we have that S'(e) is a P'-semi-algebraic set, and we define Eg C 
Sign(P') by 

= |J 7e(<r). 

We now note some extra properties of the family V . 

Lemma 3.3. For all sufficiently small e, the following holds. If a € Sign £ ('P'), 
then £ < to + n and TZ(cr) C R m +™ is a non-singular (m + n — £)-dimcnsional 
manifold such that at every point (x, y) G 71(a), the (£ x (to + n))-Jacobi matrix, 

dP dP' 



8Xi dYj j PeV ,^ cr(p) = o, l<i<m, l<j<n 



has the maximal rank 



Proof. Suppose without loss of generality that 

{P G V'\ a(P) = 0} = {P H - e juil ,. ..,P it - e jttU } 

(cf. definition of V), where 1 > £j 1 ,i 1 > . . . > £j e .i e > 0. Let I < m + n. Consider 
the semi-algebraic map Pi 1 ....^ t : R m+n — > R f defined by 

(x,y) ' * (P 4l (x,y),...,P 4f (x,y)). 

By the semi- algebraic version of Sard's theorem (see [5]), the set of critical values of 
Pi 1 ,...,i e is a semi-algebraic subset of R l of dimension strictly less than £. It follows 
that for all sufficiently small e, the point (£j lt % 1 , ■ ■ ■ ,£j e ,i e ) is not a critical value of 
the map P^....^. 

It follows that the algebraic set 

{ ( x : y) I Pii = £ji ,ii i • ■ • j Pit = £je ,ie } 
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is a smooth (m + n — £)-dimensional manifold such that at every point on it the 
{I x (to + n))-Jacobi matrix, 

dP dP 



dXi ())', , p , p ; , • i<i< r „, i<j<r 

has the maximal rank I. The same is true for the basic semi-algebraic set IZ(a). 

We now prove that £ < to + n. Suppose that £ > m + n. As we have just proved, 
{Pii = e ji,h 5***! Pi m + n = } is a finite set of points. Polynomial Pi e —£j t ,i t 

vanishes on each of these points. Choosing a value of Sj l ,i l smaller than the value 
of Pi t at any point, we get a contradiction. □ 

Recall that B C R™ is a fixed finite set of points such that for every y € R™ there 
exists zgB such that for every P-semi-algebraic set S, we have 7Tg 1 (y) ~ 7r^ 1 (z). 

Lemma 3.4. For every y £ B, bounded V -semi-algebraic set S, for all suffi- 
ciently small e, and a 6 Sign^(P^), where V' y := {P{Xi, X m , y)\ P E V'}, the 
following holds. 

(i) < £ < to, and 1Z(<t)C\tt~ 1 (y) is a non-singular (m—£) -dimensional manifold 
such that at every point (x, y) £ 1Z(<t) (~l 7r~ 1 (y), the (£ x m)-Jacobi matrix, 

dP 



r/ PeV^, a{P)=0, l<i<r 



has the maximal rank £; 
(ii) .-'(yJnS't^^'fy). 



Proof. Note that P y e R[Xi, . . . , X m ] for each P £ V and y G R™. The proof 
of (1) is now identical to the proof of Lemma T3.31 The part (2) of the lemma is a 
consequence of Proposition 13. II □ 



3.4. Whitney stratiheation of R™ compatible with V' 

Lemma 3.5. For any bounded V-semi-algebraic set S and for all sufficiently 
small e, the partitions 

R" = |J K(a), 

uGSignCP') 

S'(s) = |J K{<r), 

are compatible Whitney stratifications of R™ and S'(e) respectively. 

Proof. Follows directly from the definition of Whitney stratification (see [16[ 
[9]), and Lemma I3~3l □ 

Fix some sign condition a e Sign(7''). Recall that (x, y) G 7Z((j) is a critical point 
of the map tt-ji(<j) if ti ie Jacobi matrix, 

dP 



dXi 



PGT", a(P)=0, l<i<m 
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at (x, y) is not of the maximal possible rank. The projection 7r(x, y) of a critical 
point is a critical value of T^-niu) ■ 

Let C\(e) C R m+ra be the set of critical points of it-ji^ over an sig n conditions 

g G (J Signup'), 

e<m 

(i.e., over all a G Sign^T 3 ') with dim(lZ(a)) > n). For a bounded P-semi-algebraic 
set S, let Ci(S,e) c S"(e) be the set of critical points of ^n(o) over an s ig n 
conditions 

ae |J Sign,(7")nE' s 

f<rn 

(i.e., over all a G Eg with dim(7?.(er)) > n). 

Let C 2 (e) C R m+n be the union of K(cr) over all 

a G |J Sign,(P') 

(i.e., over all a G Sign e (V') with dim(7£(cr)) < n). For a bounded P-semi-algebraic 
set S, let ^(S 1 , e) C S'(e) be the union of 1Z(a) over all 

a G |J Sign^(P') n E' s 

(i.e., over all a G S' s with dim(7£(<r)) < n). Denote C(e) := C\(e) U C2(e), and 
C(S,e) := Ci(5,e) U C 2 (S,e). Notice that, C(S,e) = C(e) n S'(e). 

Lemma 3.6. For each bounded V -semi- algebraic S and for all sufficiently small 
e, the set C(S,e) is closed and bounded in R" l+n . 

Proof. The set C(S,e) is bounded since S'(e) is bounded. The union C^S, e) 
of strata of dimensions less than n is closed since S'(e) is closed. 

Let 1 G Sign fl (7>') n £' s , cr 2 G Sign^(P') n where £1 < m, £1 < £2, and if 
<J\(P) = 0, then (72(F) = for any P G P'. It follows that stratum 1Z(<7 2 ) lies in the 
closure of the stratum TZ(a\). Let J be the finite family of (i\ x ^i)-minors such 
that Z(J) n H(<J\) is the set of all critical points of tt^^). Then (~l 1Z(<J2) is 

either contained in C 2 (S, e) (when dim(7^(<72)) < or is contained in the set of 
all critical points of ir-niaz) (when dim(72.(tT2)) > n). It follows that the closure of 
Z(J) (~l 72.(<ti) lies in the union of the following sets: 

(i) z(j)r\n(o x ), 

(ii) sets of critical points of some strata of dimensions less than m + n — £\ , 

(iii) some strata of the dimension less than n. 

Using induction on descending dimensions in case (2), we conclude that the closure 
of Z(J) fl H((Ti) is contained in C(S, e). Hence, C(S, e) is closed. □ 

Definition 5. Wc denote by d(e) := n(Ci(e)),i = 1,2 and G(e) := G\(e) U 
G 2 (e). Similarly, for each bounded P-semi-algebraic set S, we denote by Gi(S, e) := 
w(Ci (S, e)),i= 1,2 and G(S,e) := Gi(S, e) U G 2 (S, e). 

Lemma 3.7. For all sufficiently small e, B D G(e) = 0. In particular, B n 
G(S, e) = for every bounded V -semi-algebraic set S. 
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Proof. By Lemma 13.41 for all y G B, for all sufficiently small e, and a G 



(i) < i < m, and 

(ii) 7?.(cr) (~l 7r _1 (y) is a non-singular (to — ^-dimensional manifold such that at 
every point (x,y) G TZ(<j) n 7r _1 (y), the (£ x TO,)-Jacobi matrix, 



has the maximal rank I. 
If a point ye5flGi(e)=5n 7r(Ci(e)), then there exists x G R m such that (x, y) 
is a critical point of ■nn(cr) for some a G [j e<m Sign^ (7-"), and this is impossible by 



Similarly, yeBfl (^(e) = Bfl 7r(C2(e)), implies that there exists x G R m such 
that (x, y) G Ti(a) for some a G U£>m Sign^P'), and this is impossible by (1). □ 

For all sufficiently small e, let D{e) be a connected component of R™ \ G(e), and 
for a bounded P-scmi-algcbraic set S, let D(S,e) be a connected component of 



Lemma 3.8. For every bounded V -semi- algebraic set S and for all sufficiently 
small e, all fibers 7r~ 1 (y) (~l S'(e), y G D(e) are homcomorphic. 

Proof. Lemma E3] implies that S := ^^(^(^'(e)) \ G(S 7 e)) is a Whitney 
stratified set having strata of dimensions at least n. Moreover, irg is a proper 
stratified submersion. By Thorn's first isotopy lemma (in the semi-algebraic version, 
over real closed fields [9]) the map 7r<j is a locally trivial fibration. In particular, 
all fibers ^^^(y), y & D(S,e) are homeomorphic for every connected component 
D(S,e). The lemma follows, since the inclusion G(S,e) C G(e) implies that cither 
D{e) C D(S,e) for some connected component D(S,e), or D{e) C\ii(S'(e)) = 0. □ 

Lemma 3.9. For each y G B and for all sufficiently small e, there exists a 
connected component D(e) of R" \ G{e), such that 7r s ^ 1 (y) ~ 7Tg,, g j (yi ) for every 
bounded T -semi- algebraic set S and for every yi G D(e). 

Proof. By Lemma 13.71 y belongs to some connected component D(e) for all 
sufficiently small e. Lemma 13.41 (2) implies that 7r _1 (y) H 5 ~ 7i" _1 (y) H S'(e). 
Finally, by Lemma [3Jl TT^A-Jy) ~ TTg/^Cyi) for every yi G D(e). □ 

3.5. Proof of Theorem QO 

The following proposition gives a bound on the Betti numbers of the projection 
7r(V) of a closed and bounded semi-algebraic set V in terms of the number and 
degrees of polynomials defining V. 

Proposition 3.10 [15] . Let V c R m +™ be a closed and bounded semi-algebraic 
set defined by a Boolean formula with s distinct polynomials of degrees not exceed- 
ing d. Then the k-th Betti number of the projection 



signup;), 




(2). 



ir(S'(e))\G(S,s). 



b k (AV)) < (ksd) 



0(n-\-km) 



HOMOTOPY TYPES OF FIBRES 



11 



Proof. See [H]. □ 

For the proof of Theorem 12.11 we need the following inequalities which can be 
derived from the Mayer- Vietoris exact sequence (see, for instance, Proposition 7.33 
in 

Proposition 3.11 (Mayer- Vietoris inequalities) . Let the subsets Wi,...,Wt C 
R n be all open or all closed. Then 




b fe MJ W j < ^ b fc _ (#J)+1 \\)W j \ (3.1) 
\i<j<t / JC{1,..., t} 
and 

b fc I f) WA < Yl b ^+(#./)-i \\JWA, (3.2) 

Y<3<t J JC{1,..., t} \j£J j 

where b^ is the fc-th Betti number. 

Proof of Theorem \2.1\ To make clearer the idea of the proof, we first show a 
weaker bound, #A < (s m nd)°^ nm \ which requires fewer technical details. 
Let 

V = {Q X ,...,Q^}, 

(see Definitions] for the definition of the set V). Recall that for all sufficiently small 
e, G(e) = G\{e) U G2(S), where G\{e) is the union of sets of critical values of tt-ji^ 
over all strata 7£(cr) of dimensions at least n, and G^e) is the union of projections 
of all strata of dimensions less than n. 

Observe that the set of critical points C\{e) is a T'-semi-algebraic set, where 

? = P'uQ, 

Q = |det ^.\/; ! ;; •;; ) | 1 < £ < m, 1 < h < . . . < u < 2s 2 , 1 < ji < . . . < jt < mX . 
and 

ax 31 ■ ■ ■ dx ie 



Jl,— ,31 



9Qj e 9Qi e . 

\ dX 31 ■ ■ ■ dX u I 



Since jfP' < 2s 2 , we conclude that #V < s°^ m \ The degrees of polynomials from 
V do not exceed 0(md). The union C^e) of all strata of dimensions less than n is a 
T^'-semi-algebraic set. It follows that C(e) is a P-semi-algcbraic set which is closed 
and bounded in R m + n due to Lemma l3~6l 

Then Proposition UTTO] implies that b n _i(G(e)) < (s m nd) ol - nm \ By Alexander's 
duality, the homology groups H (R n \ G(e)) and H n _i(G(e)) are isomorphic, and 
hence the number of connected components 

b (R n \G(e)) < {s m nd)° {nm \ 

We choose for the set A, one point in each connected component of R" \ G(e). 
Now the bound #A < (s m nd)° (nm) follows from Lemma EH 
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Now we proceed to the proof of the bound 

b (R" \G{e)) < s 2 < m+1 )"(2 m «(i) '™' 

which implies the same bound for #A. 

Recall (Section 13- ip that the set 5* is contained in (— Lu,uj) n+m for a sufficiently 
large ui > 0, and therefore S'(e) lies in the closed box [— oj — 1, uj + l]™+ m . Denote by 
£ i (e) the family of closed sets each of which is the intersection of [— lo — 1 , u + l]"+ m 
with the set of critical points of ttz(<j), over all sign conditions a such that strata 
7£((t) have dimensions at least n (the notation Z(a) was introduced in Section [3. 2\ . 
Let £ 2 (e) be the family of closed sets each of which is the intersection of [— uj — 1 , w+ 
l] n+m with Z(a), over all sign conditions a such that strata TZ(a) have dimensions 
equal to n — 1. Let £ (e) := £\{e) U ^(e)- Denote by E{e) the image under the 
projection tt of the union of all sets in the family £{e). 

Because of the transversality condition, every stratum of the stratification of 
S'(e), having the dimension less than n + m, lies in the closure of a stratum, having 
the next higher dimension. In particular, this is true for strata of dimensions less 
than n — 1. It follows that G(e) C E(e), and thus every connected component 
of the complement R™ \ E{e) is contained in a connected component of R™ \ G(e). 
Since dim(£'(e)) < n, every connected component of R™\G(e) contains a connected 
component of R" \ E(e). Therefore, it is sufficient to estimate from above the Betti 
number bo(R" \ E(e)) which is equal to b n -i(E(e)) by the Alexander's duality. 

The total number of sets Z(a), such that a G Sign(7 :> ') and dim(Z(a)) > n — 1, 
is 0(s 2 ( m+1 )) because each Z(a) is defined by a conjunction of at most m + 1 
of possible 2s 2 polynomial equations. Thus, the cardinality #£(e), as well as the 
number of images under the projection tt of sets in £(e) is 0(s 2 (™ +1 - ) ). According 
to (|3.ip in Proposition 13.111 b„_i(£ , (e)) does not exceed the sum of certain Betti 
numbers of sets of the type 

p| 7t(Ui), 
i<i<p 

where every Ui € £{e) and 1 < p < n. More precisely, we have 

b n ^(E(s)) < e b «-p f n < u * 

l<p<n {U U ...,U P }C £(e) \1<*<P 

Obviously, there are 0(s 2 ( m+1 ^ n ) sets of the kind $. 

Using inequality (|3.2p in Proposition l3.111 we have that for each $ as above, the 
Betti number b„_ p ( ( I > ) does not exceed the sum of certain Betti numbers of unions 
of the kind, 

U K(U ij )=Trl (J U if 

l<j<q \l<j<q 

with 1 < q < p. More precisely, 

b„- P ($) < h n-p+q-l tt ( (J Ui. 

1<9<P l<ii<...<»,<p \ \l<i<9 

It is clear that there are at most TP < 2" sets of the kind 
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If a set U e £i(e), then it is defined by 0(n + m) polynomials of degrees at 
most d (including the linear polynomials defining [— uj — l,o> + l] n+m ). If a set 
U G £2(2), then it is defined by 0{n + 2 m ) polynomials of degrees 0(md), since the 
critical points on strata of dimensions at least n arc defined by 0(2 m ) detcrminantal 
equations, the corresponding matrices have orders 0{m), and the entries of these 
matrices are polynomials of degrees at most d. 

It follows that the closed and bounded set 

u ^ 

1<J<9 

is defined by 0(n(n + 2 m )) polynomials of degrees 0(md). By Proposition 13.101 
b„- p+g -i(*) < (2 m nd) 0( - nm ^ for all 1 < p < n, 1 < q < p. Then b„_ p ($) < 
{2 m nd)° {nm ^ for every 1 < p < n. Since there are 0( s 2(™+i)™) sets f the kind $, 
we get the claimed bound 

b n -i{E{e)) < s 2(™+i)«(2™ n d)O(«»0. 

□ 

4. Scmi-PfafEan case 

Pfaffian functions, introduced in |19j . are real analytic functions satisfying trian- 
gular systems of Pfaffian (first order partial differential) equations with polynomial 
coefficients. 

Definition 6 [HI [13]. A Pfaffian chain of the order r > and degree a > 1 
in an open domain U C R™ is a sequence of real analytic functions fx , . . . , f r in U 
satisfying differential equations 

d fj ( x ) = gi i ( x ' f 1 ( x ) > ■ ■ ■ ' fj ( x )) dx i ( 4 - 1 ) 

l<i<n 

for 1 < j < r. Here #ij(x, yi, . . . , are polynomials in x = (xi, . . . , x„), yi, ... , % 
of degrees not exceeding a. A function /(x) = P(x, /i(x), . . . , / r (x)), where the 
polynomial P(x, y 1; . . . , j/ r ) has a degree not exceeding f3 > 1, is called a Pfaffian 
function of order r and degree (a,/3). 

The class of Pfaffian functions includes polynomials, real algebraic functions, 
elementary transcendental functions defined in appropriate domains (see |13j ). One 
of the important subclasses is formed by fewnomials |19j . 

Let V be a finite set of Pfaffian functions in the open cube U := (—1, l) m +" c 
W n+n . 

Definition 7. A set S c U is called P-semi-Pfaffian in U (or just semi-PfafEan 
when some V is fixed) if it is defined by a Boolean formula with atoms of the form 
F>0, P<0, P = for P e V. A P-scmi-Pfaffian set S is restricted if its closure 
in J7 is compact. 

Scmi-Pfaffian sets share many of the finiteness properties of semi-algebraic sets 
1 1 31 . The proofs of Proposition 13.11 and all lemmas from Section [3] extend to the 
semi-Pfaffian case without any difficulty. 
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Theorem 4.1. Let V be a finite set of PfafEan functions defined on the open 
cube U := (-l,l) m+ " C R m+n , with #7> = s, and such that all functions in V 
have degrees (a, (3) and are derived from a common PfafEan chain of order r. Then, 
there exists a hnite set A C 7r({7) with 

#A < s 0(,lTn) 2 0(n(m2+ " r2)) (nm(a + /3))° (Tl(m+r)) , 

such that for every y £ tv(U) there exists z £ A such that for every V- semi- PfafEan 
set S C U, the set (y) is homotopy equivalent to 7r^ 1 (z). In particular, for 
any fixed V-semi-Pfafhan set S, the number of different homotopy types of fibres 
n s~ 1 (y) f° r various y £ ir(S) is also bounded by 

s O(nm)20(n(m 2 +nr 2 )) (nm(ct + /3))°(™( m + T ")) . 

Proof. We add to V the 2(m + n) functions, Xi ± (1 - 5), F 3 - ± (1 - <5), 1 < i < 
m, 1 < j < n, where S G K is chosen sufficiently small and positive. We restrict 
attention to those P-senLi-Pfaffian sets which are contained in the cube defined by, 
-1 + 5 < Xi < 1 - S, -1 + S < Yj < 1 - 8, 1 < i < m, 1 < j < n. For any 
P-semi-Pfaffian set S, the intersection So := S D (—1 + 5, 1 — S) n+m , is homotopy 
equivalent to S. 

As in the proof of Theorem 1 2. 1[ let B C K" is a fixed finite set of points such that 
for each P-semi-Pfaffian set S and y £ n(S), there exists z £ B n tt(S') (depending 
on 5) such that 7r,g 1 (y) — 7Tg 1 (z). 

Then, for all sufficiently small 5 > 0, for each P-semi-pfaffian set 5, 7Tg (y) ~ 
7r S 1 (y) f° r each y £ B. It follows that it is sufficient to bound from above the 
number of homotopy types of fibres of the projection of the restricted sets So- 

The rest of the proof of Theorem 14.11 is identical to the corresponding part of 
the proof of Theorem 12.11 The only essential difference is the replacement of the 
reference to Proposition 13.101 by the reference to the following proposition. 

Proposition 4.2 [15]. Let V C U be a closed and bounded P-scmi-Pfafhan set 
dchncd by a Boolean formula such that 4KP = s, all functions from V arc dchncd 
in U, have degrees (a, /3), and a common PfafEan chain is of order r. Then the k-th 
Bctti number of the projection 

bfcMTO) < (fcs) 0(n+fem) 2 0(fer ) 2 ((n + fcm)(a + /3)) 0(n+fcm+fer) . 

□ 

In Section [5] we will need the following technical improvement of Theorem 14.11 
We first introduce some notations. 

Definition 8. Let r £ Sign({A"i, . . . , X m }) be a sign condition for the family 
of coordinate functions. We denote the realization 1Z(t) of r by 1R™ and call it an 
octant of R m . In general, for any subset S C K m and r £ Sign({Xi, . . . ,X m }) we 
introduce S r :=SnR™. 

Theorem 4.3. Let 

V= |J V T 

reSign({Xi,...,X m » 
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be a Unite set of PfafEan functions such that for each t G Sign({Xi, . . . ,X m }) 
functions in V T are defined in the domain U T x V, where U is either (—1, l) m or 
1™, and V is either (— 1, 1)" or M. n . Let #7^ = s, all functions in V have degrees 
(a,P), and for each r functions in V T are derived from a common PfafEan chain of 
order at most r. Then, there exists a finite set A C U with 

#A < s oM 2 o(»(™ 2 +»'' 2 ))( m ( a + / 3))0(n(m+r)) j 

such that for every y G U there exists z G A such that for every set S = (J S T C 
(U x V), where every S T is a V T -semi-Pffa6an set, the set 7r^ 1 (y) is homotopy 
equivalent to 7r^ 1 (z). In particular, for any fixed set S, the number of different 
homotopy types of fibres 7Tg 1 (y) for various y G n(S) is bounded by 

s O(mn) 2 0(r l (m 2 +„r 2 ))^ TO ^ + /3 ^0(r l (m+r))^ 

Proof. The proof is a straightforward modification of the proof of Theorem 14. II 
We express S as a union of realizations of sign conditions a A r on the families 
V T U {Xx, X m }, where a G Sign(7 3 T ) and r G Sign({Xi, . . . , X m }). Thus, 

S= |J K((tAt) (4.2) 

r6Sign({X 1 ,...,X m }), ueS T , s 

with E TjS G Sign(P T ). 

Given r G Sign^({Xi, . . . , X m }), let t> (respectively, r<) be a sign condition 
in Sign £ _ 1 ({X 1 , . . . ,X m }) in which some equation Xi = is replaced by > 
(respectively, by Xi < 0). Since functions in P T are defined in U T x V and do not 
depend on Xi, they are also defined in the larger domain (U T U U T> U f/ T< ) x V. 
It follows that for S given by (|4.2p . the set S'(e) is well-defined and is homotopy 
equivalent to S. 

The rest of the proof is the same as the proof of Theorem 14.11 □ 

5. On a conjecture of Bencdctti and Rislcr 

In their book [4], Benedetti and Risler introduced an axiomatic definition of 
the complexity of a polynomial, and consequently, of a semi-algebraic set. They 
conjectured that there is a finite number of homeomorphism types of semi-algebraic 
sets of a given complexity. Benedetti and Risler also formulated their conjecture for 
two particular cases: the number of monomials and additive complexity. In these 
cases the conjecture was proved independently by van den Dries and Coste 
[6] using o-minimality theory, without producing any explicit upper bounds on the 
number of homeomorphism types as functions of complexity. 

In this section we prove a weaker, but effective, versions of the two mentioned 
particular cases of the conjecture. Namely, we give explicit, single exponential upper 
bounds on the number of possible homotopy types of semi-algebraic sets. Our proofs 
are strongly influenced by arguments of van den Dries in § 3, Chapter 9 of 

5.1. Homotopy types of sets defined by fewnomials 

We first prove a single exponential upper bound on the number of homotopy 
types of semi-algebraic subsets of M. m defined by a family of polynomials having in 
total at most r monomials. 
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More precisely, let Ai m ,r be the family of ordered lists V = (Pi, . . . , P s ) of poly- 
nomials Pi £ K[-X"i, . . . , X m ], with the total number of monomials in all polynomials 
in V not exceeding r. Recall Definition [TJ of the homotopy type of an ordered list 
of polynomials. 

Theorem 5.1. The number of different homotopy types of ordered lists in 
■Mm,r does not exceed 

2 0(mr)\ ( 51 ) 

In particular, the number of different homotopy types of semi- algebraic sets defined 
by a Exed formula <p-p, where V varies over M m , r , does not exceed if5.1|) . 

Proof. Observe that the function 

l X lY = e (Yln\X\) 

is Pfaffian of a constant order and degree in the domain {(x, y) 6 R 2 x ^ 0}. 

We first prove the theorem for semi-algebraic sets defined in one fixed octant M™ 
for some sign condition r e Sign({.Xi, . . . ,X m }) (see Definition [5]) . 

Let {ii,.,.,i t } C {l,...,n} be such that, T{X ij ) E { — 1,1}, 1 < j < t, and 

T(X j ) = Q,je{l,...,n}\{ii,...,i t }. 

Consider the family of 2 r Pfaffian functions 

J2 ±Z J \X ll \ Y ^...\X lt \ Y »< (5.2) 

l<j<r 

in K™ x R tr+r . Observe that if 

p : = J2 vK* 1 ■ ■ ■ x u H e nx tl , • ■ • , X it ] 

l<j<r 

is a polynomial having r monomials defined over K™, then there is a function 

F T ( y Xi l , . . . , X^ t , Yn 1 , . . . , Yrit 7 ^1 5 ■ ■ ■ 7 ^r) 

in the family (|5.2p such that 

P Pr (Xi 1 , . . . , Xi t 7 C^n 1 : . . . , Oi r i t : Ql 7 ■ ■ ■ , Qr ) j 

where the choice of the function is determined by parities (values mod 2) of integers 
in the sequence , . . . , OLji t . For example, if T(Xi c ) = — 1, and <Xji c is odd (respec- 
tively even), then the term |XiJ yji <: contributes the factor (—1) (respectively 1) to 
the coefficient of the monomial Zj \Xi 1 \ Yji i . . . \Xi t \ Yjit . 

It follows that all polynomials having rg monomials defined in can be divided 
into 2 r ° disjoint classes so that each class is represented by a Pfaffian function in 
the family (|5T2|) . 

Consider an ordered list T T = (P\, . . . ,P S ) of polynomials Pi £ . . . ,Xi t ]. 

Assume that the total number of monomials appearing in all polynomials Pi , . . . , P s 
is r. Let T T = {F T i, ■ ■ ■ , Fts) be the list of Pfaffian functions representing respective 
polynomials in V T . We say that T T represents V T . 

Let 

7r r : R™ x R tr+r -» R tr+r 
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be the projection map. According to Theorem 14. H for each list T T there exists a 
finite set Af T C R tr+r with the cardinality not exceeding 

2 0(mr) 4 j (5,3) 

such that for every y £ M. tr+r there exists z £ Af T such that for every J>-semi- 
Pfaffian set S, the set n~ 1 (y)C\S is homotopy equivalent to 7r 7 T 1 (z)nS'. In particular, 
(|5.3p is an upper bound on the number of homotopy types of lists V T which are 
represented by T T . Since there are 2 r different lists J>, the number of homotopy 
types of all lists V T is at most (|5.3p multiplied by 2 r . 

Now we consider the general case of a semi- algebraic set defined in R m . The proof 
will follow the same pattern as the just described simpler case of a set defined in 
an octant R™. Observe that 

R m = |J R" 1 . 

reSign({Xi,...,X m }) 

Each ordered list V — (Pi, . . . , P s ) C R[-X"i, • ■ ■ , X n ], having in total r monomials, 
and defined in R" 1 , has its representative list T T — (F T i, . . . , F TS ) of Pfaffian 
functions (among 2 r lists) when restricted on the octant R" 1 . Thus, each V, defined 
in R m , is represented by a family of lists {T T \ t £ Sign({Xi, . . . , X m })} of Pfaffian 
functions, corresponding to all 3™ octants. For a given V , the corresponding family 
of lists {F T \ t £ Sign({Ai, . . . , X, n })} is determined by the parities (values mod 2) 
of integers in the total ordered sequence of powers of all r monomials appearing 
in the polynomials in V . Since the number of different sequences of parities of r 
monomials in m variables is 2 mr , the total number of families we need to consider 
is bounded by 2 mr . 

For a Boolean formula <p with atoms {a,i,bi,Ci 1 < i < s} denote by <f)j? T 
the formula obtained from cf> by replacing for each i, 1 < i < s, the atom at 
(respectively, bi and Cj) by F T i = (respectively, F Ti > and F T i < 0). Let S(4>f t ) 
be the semi-Pfaffian set defined by <j)p T . 

Let 

7r : R m x R mr+r -> R mr+r 

be the projection map. According to Theorem 14.31 for each fixed family of lists 
{.F T | r G Sign({Ai, . . . , X m })}, there exists a finite set A C R Tnr+r with cardinality 
not exceeding (|5.3[) , such that for every y £ !> mr + r there exists z £ A such that for 
every Boolean formula <j) and 

S:= |J S(&0, 

T6Sign({Xi,...,X m }) 

the set 7r~ 1 (y)n5' is homotopy equivalent to 7r~ 1 (z)nS'. Hence (|5.3p is also an upper 
bound on the number of homotopy types of lists V represented by the fixed family 
{J~t \ t £ Sign({Ai, . . . , X m })} of Pfaffian functions. It follows that the number of 
all homotopy types of lists V £ M. m ,r is at most (|5.3|) multiplied by 2 mr since there 
are 2 mr different families of lists to consider. □ 

5.2. Homotopy types of sets with bounded additive complexity 

Definition 9. A polynomial P £ R[Ai, . . . ,X m ] has additive complexity at 
most a if there are polynomials Qi, . . . ,Q a £ R[A"i, . . . , X m ] such that 
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(i) Qt = ai X^ . . . + b x X( 11 . . . , 

where 01,61 G R, and an, . . . , ai m ,j9ii, • . . ,/?i m € N; 

(ii) = Oj-Xi 31 . . . X m 3m Oi<i<j-i QT 1 + fyX^ 1 . . . Xm m rii<i<j-i Qi\ 
where 1 < j < a, aj,hj G R, and atji, . . . ,ctj m , Pji, . . . , $jmlji,8ji S N for 
1 < » < j; 

(hi) P = cXf...Xfrni< j <aQ?> 

where eel, and £i, • • • , Cm, VU ■ ■ ■ i Va eN. 

In other words, P has additive complexity at most a if, starting with variables 
X\,...,X m and constants in R, and applying additions and multiplications, a 
formula representing P can be obtained using at most a additions (and an unlimited 
number of multiplications). 

Example 2. The polynomial P := (X + l) d e R[X] with < d G Z, has d+ 1 
monomials when expanded but additive complexity at most 1. 

Let A m ,a be the family of ordered lists V = {Pi, ■ ■ ■ ,P S ) of polynomials Pi G 
R[Xi, . . . , X m ], with the additive complexity of every P^ not exceeding a,k, and 

a = Ei<fe< s fl fc- 

Theorem 5.2. The number of different homotopy types of ordered lists in A m ,a 
does not exceed 

20((m+a)a) i ^ 

In particular, the number of different homotopy types of semi- algebraic sets defined 
by a fixed formula <jyp, where V varies over A m ,a, does not exceed i5.4\) . 

Proof. Fix an ordered list V G A m ,a- For each polynomial Pk G V, 1 < k < s, 
consider the sequence of polynomials Qui, ■ ■ ■ , Qka k as in Definition [9l so that 

l<j<a k 

Introduce at new variables Yk\, ■ ■ ■ , Yka k ■ Fix a semi- algebraic set S C R m , defined 
by a formula <f>-p. Consider the semi-algebraic set S, defined by the conjunction of a 
3-nomial equations obtained from equalities in (i), (ii) of Definition [§] by replacing 
Qj by Ykj for all 1 < k < s, 1 < j < a^, and the formula <p-p in which every 
occurrence of an atomic formula of the kind Pk *0, where * G {=, >, <}, is replaced 
by the formula 

c k X^...X%™ If Y™*0. 

l<j<a k 

Note that S is a semi-algebraic set in R m+a defined by a formula <pp, where V G 
M-m+a.s+Za- According to Thcorcm l5.ll the number of different homotopy types of 
ordered lists in M m + a ,s+3a docs not exceed (|5.4[) . 

Let p : R m+a — > R m be the projection map on the subspace of coordinates 
X\,...,X m . It is clear that the restriction pg ■ S — > S is a homeomorphism. 
Therefore, if two lists V , Q G A m ,a ar e not homotopy equivalent, then the 
corresponding lists V, Q G M m +a,s+3a are also not homotopy equivalent. It 
follows, that the number of different homotopy types of lists in A m ,a does not exceed 
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the number of different homotopy types of lists in A4 m + a ,s+3a, and therefore does 
not exceed (|5.4p . □ 

Remark 2. A polynomial P G R[-X"i, . . . , X m ] is said to have rational additive 
complexity at most a if there are rational functions Qi, ■ ■ ■ ,Q a G R(-Xi, ■ ■ ■ , X m ) 
satisfying conditions (i), (ii), and (hi) with N replaced by Z. For example, the poly- 
nomial X d + . . . + X + 1 = (X d+1 - 1)/(X - 1) G R[X] with < d G Z, has rational 
additive complexity at most 2. Define the family of ordered lists of polynomials 
A m , s, a as above but interpreting a as the sum of rational additive complexities. 
According to [11) there is a finite the number of different homeomorphism types 
of semi-algebraic sets defined by s polynomials in R[A"i, . . . ,X m ], with the sum 
of additive complexities at most a. We conjecture that the number of different 
homotopy types of lists in A m , s ,a does not exceed 

2 (ma)°< 1 ' 

6. Metric upper bounds 

In this section we consider semi-algebraic sets defined by polynomials with integer 
coefficients, and use the technique from previous sections to obtain some "metric" 
upper bounds related to homotopy types. 

Let V C R m be a P-semi-algebraic set, where V C Z[Xi, . . . ,X m j. Let for each 
P G V ', deg(P) < d, and the maximum of the absolute values of coefficients in P 
be less than some constant AT, < M G Z. For a > we denote by B m (0, a) the 
open ball of radius a in R m centered at the origin. 

The following proposition is well-known (see, for instance, Theorem 4.1.1 in pQ). 

PROPOSITION 6.1 [201 EU Ell IB- There exists a constant c > 0, such that 
for any R > M d , and for any connected component W of V the intersection 
W n B m (0, R))^t, and W C B m (0, R) ifW is bounded. 

Notice, that there is no dependence in the bound on the cardinality of the family 
V . On the other hand, the dependence on the absolute values of integer coefficients 
is essential, as shown by an example of the semi-algebraic set defined by the system 
of equations 

X = Y, X = (1- s)Y + l, 

in which all coefficients are 0(1), independently of any small real e > 0. 
We prove the following generalization of Proposition 16. II 

Theorem 6.2. There exists a constant c > 0, such that for any Ri > R2 > 
M d we have, 

(i) V n B m (0, Ri) ~7fl B m (0, R 2 ), and 

(ii) V\B m (0,R 1 )~V\B m (0,R 2 ). 

In the proof of Theorem 16.21 it will be convenient to use infinitesimals instead 
of sufficiently small (or large) elements of the ground real closed field R. We do 
this by considering non-archimedcan extensions of R. More precisely, denote by 
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R(e) the real closed field of algebraic Puiseux series in e with coefficients in R 
(see, for instance, [2] for more details about Puiseux series) . The sign of a Puiseux 
series in R(e) agrees with the sign of the coefficient of the lowest degree term in 
e. This induces a unique order on R(e) which makes e infinitesimal: e is positive 
and smaller than any positive element of R. When a G R(e) is bounded from above 
by an element of R, the symbol lim e (a) denotes the constant term of a, obtained 
by substituting for e in a, clearly lim e (a) G R. We will also denote by R(e) the 
field R(ei) . . . (s s ), where et+i is infinitesimal with respect to R(ei) . . . (ej) for every 
< i < s. 

Proof of Theorem \6.2[ We will only prove the homotopy equivalence (1), the 
proof of (2) being similar. 

Let 4> be the P-formula defining V. Let S C R m+1 be the set defined by the 
formula, cf> A (Xf + . . . + X 2 n - Y 2 < 0), and let n : R m+1 -> R be the projection on 
the Y coordinate. We will follow the notations introduced in the proof of Theorem 
[2~T1 but in the definition of S' = S'(s) (cf. Definition [J) we let 1 > £ > e > be 
infinitesimals and let R' be the field of Puiseux series, R( £}(£>. The set S' is then 
a semi-algebraic subset of R' m+1 . 

Consider now the set G(S,e) C R' (cf. Definition [5]) . It follows as a consequence 
of the complexity analysis of efficient quantifier elimination algorithms (see |12[ [2]). 
that G(S, e) is a finite subset of R' consisting of roots in R' of the univariate poly- 
nomials h £ Z[u,e]\Y], whose degrees do not exceed d°^ k \ and whose coefficients 
arc integers with absolute values not exceeding M d 1 ' . Now suppose that a G R', 
h(a) = and a is bounded from above by an clement of R. Then, linn (a) G R 
is a root of some polynomial in Z[Y] of degree not exceeding d°^ k \ with absolute 
values of coefficients at most M d ° { ' . It follows that \a\ < M d ° ( ] . 

Now let Gb(S, e) C G(S, e) be the set of all elements of G which arc bounded from 
above by some element of R. Let R = max a£ G t |a|, then R < M d . Moreover, if 
elements R\ , i?2 G R, are both greater than R, and belong to the same connected 
component of R' \ G(S,e), then ng, (Ri) ~ Kg, (-^2)- Since -Kg 1 (y) ~ V for all 
sufficiently large y G R, and Hg}(y) ~ TTg 1 (y) for all y G R, it follows that 

This proves the theorem. □ 

It is well-known that a semi-algebraic set has a local conic structure (see, e.g., 
[7]). In particular, a semi-algebraic set is locally contractiblc. The following theorem 
gives a quantitative version of the latter statement. 

Theorem 6.3. Let V c R m be a V -semi-algebraic set, with V c %\X\, . . . , X m ] 
and G V. Let deg(P) < d for each P G V , and the maximum of absolute values 
of coefficients of P € V be less than M, < M € Z. Then, there exists a constant 
c > such that for every < r < M~ d the set V (~l B m (Q, r) is contractible. 

Proof. Similar to the proof of Theorem 16.21 □ 
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Abstract for On-Line Publication 



In this paper we prove a single exponential upper bound on the number of possible 
homotopy types of the fibres of a Pfafhan map, in terms of the format of its graph. 
In particular we show that if a semi-algebraic set S C R m+ri , where R is a real 
closed field, is defined by a Boolean formula with s polynomials of degrees less 
than d, and n : R m +™ — > R" is the projection on a subspace, then the number of 
different homotopy types of fibres of n does not exceed s 2 { m + 1 ) n {2 m nd)° tynm \ As 
applications of our main results we prove single exponential bounds on the number 
of homotopy types of semi-algebraic sets defined by fewnomials, and by polynomials 
with bounded additive complexity. We also prove single exponential upper bounds 
on the radii of balls guaranteeing local contractibility for semi-algebraic sets defined 
by polynomials with integer coefficients. 



